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On the Jacobi sums over Galois rings
DENGMING XU
Abstract
In this paper, we study the Jacobi sums over Galois rings of arbitrary characteristics and completely
determine their absolute values, which extends the work in [8], where the Jacobi sums over Galois rings with
characteristics a square of a prime number were discussed.
1 Introduction
Galois rings play an important role in coding theory, combinatorics and cryptography theory. In [3], sevral
optimal nonliear binary codes were found to be the images of the Gray mapping of certain linear codes over
Z4. Since then, exponential sums over Galois rings have been widely used in constructing error-correcting
codes (see[1, 2, 11]), combinatorial designs (see [5, 15, 18]) and mutually unbiased bases in quantum infor-
mation theory ([12, 16, 17]). Jacobi sum is one of the most important exponential sums over Galois rings. In
[8], the authors presented explicit description on Jacobi sums of two multiplicative characters over the Galois
ring GR(p2, p2s).
Jacobi sums over finite fields have been well studied and play an important role in mathematics. For
example, it was used to estimate the number of roots of polynomials over finite fields (see [9]) and construct
asymptotically optimal codebooks (see [4]). In contrast, little has been known for Jacobi sums over Galois
rings except the work in [8]. In the paper, we study the Jacobi sums over Galois rings of arbitrary charac-
teristics. Precisely, let R be a Galois ring, we first determine the absolute values of Gauss sums over R (see
Theorem 3.2) and then establish a relation between the Jacobi sums and Gauss sums over R (see Theorem
4.11), which allows us to completely determine the absolute values of Jacobi sums over all Galois rings (see
Corollary 4.12 and the remark after it).
The paper is organized as follows. We first give a brief introduction about Galois rings in Section 2, and
then study the absolute values of Gauss sums in Section 3. In Section 4, we study the Jacobi sums and their
absolute values in three subsections. Finally, we give the conclusion of the paper in Section 5.
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2 Preliminaries
In this section, we collect some definitions, notations and basic results about Galois rings given in [14]. Let
n∈N such that n≥ 2. Let h be a monic primitive polynomial of degree s> 0 in Zpn [X ] such that h|(X
ps−1−1)
in Zpn [X ]. Then the Galois ringGR(p
n, pns) of characteristic pn is defined by the quotient ring Zpn [X ]/(h(x)).
In this way, there is a root ξ of h with order ps−1. Let T = {0,1,ξ1,ξ2, · · · ,ξp
s−2} and T ∗ = T −{0}. Then
GR(pn, pns) = {a0+a1ξ+a2ξ
2+ · · ·+as−1ξ
s−1 | a1,a2, · · · ,as−1 ∈ Zpn}
Moreover, each c ∈ GR(pn, pns) can be uniquely written as
c= c0+ pc1+ p
2c2+ · · ·+ p
n−1cn−1
with c0,c1, · · · ,cs−1 ∈ T . It is easy to see that c is a unit in GR(p
n, pns) if and only if c0 6= 0.
For abbreviation, set q = ps, R = GR(pn, pns),M = pR and denote R∗ the set of units in R. Then R∗ =
T ∗× (1+M), |R| = qn, |R∗| = qn− qn−1 and |pkR| = qn−k for each 0 ≤ k ≤ n. Let 1 ≤ k ≤ n. Set Rk =
{c0+ pc1+ p
2c2+ · · ·+ p
k−1ck−1 | c0,c1, · · · ,ck−1 ∈ T} and R
∗
k = {c0+ pc1+ p
2c2+ · · ·+ p
k−1ck−1 | c0 ∈
T ∗,c1, · · · ,ck−1 ∈ T}. Then each c ∈ R
∗ can be uniquely written as c= a+ pkb with a ∈ R∗k,b ∈ Rn−k.
Define φ : R→ R as
a0+a1ξ+a2ξ
2+ · · ·+as−1ξ
s−1 7→ a0+a1ξ
q+a2ξ
2q+ · · ·+as−1ξ
(s−1)q
for each (a0,a1,a2, · · · ,as−1) ∈ (Zpn)
s. Then φ is an automorphism of R satisfying φ(x) = x for each x ∈ Zpn .
The generalized trace map trn from R to Zpn is defined as x 7→ x+φ(x)+ · · ·+φ
s−1(x). The canonical additive
character λ on R is defined as x 7→ e
2pii
pn
trn(x). For each b ∈ R, define λb : R 7→ C
∗ as x 7→ λ(bx). Then λb is an
additive character and {λb | b ∈ R} contains all the additive characters on R, we will denote it by R̂.
Let 1 ≤ k ≤ n−1. Let τn−k be the map from Zpn to Zpn−k defined by a 7→ a (mod p
n−k). Then it can be
extended to a map from Zpn [X ] to Zpn−k [X ]. Let f (x) ≡ h(x) (mod p
n−k). Then f is also a monic primitive
polynomial of degree s dividing xp
s−1−1 in Zpn−k [X ]. Then τn−k induces a map
τn−k : GR(p
n, pns) = Zpn [X ]/(h(x))→ GR(p
n−k, p(n−k)s) = Zpn−k [X ]/( f (x))
Let trn−k be the generalized trace map from GR(p
n−k, p(n−k)s) to Zpn−k . It is easy to check that τn−k(trn(x)) =
trn−k(τn−k(x)) for each x ∈ R.
A multiplicative character on R is a homomorphism of groups from R∗ to C∗. The set of all multiplicative
characters on R will be denoted by R̂∗. Let χ ∈ R̂∗. Let 1≤ k ≤ n. If χ is trivial on 1+ pkR but non-trivial on
1+ pk−1R, then we say that χ is k-trivial. Moreover, we say that χ is primitive if χ is n-trivial (compare to
[13]).
In the rest of the paper, we always denote R the Galois ring GR(pn, pns) and χ0 the trivial multiplicative
on R.
2
3 Absolute values of Gauss sums over GR(pn, pns)
In this section, we determine the absolute values of Gauss sums over Galois rings, which will help us
determine absolute values of Jacobi sums over Galois rings in the next section.
Let χ ∈ R̂∗ and λ ∈ R̂. The Gauss sum of χ,λ is defined by
G(χ,λ) = ∑
x∈R∗
χ(x)λ(x).
The following Lemma contains all trivial cases of the Gauss sum G(χ,λ).
Lemma 3.1 [6] Let χ ∈ R̂∗ and λ the canonical additive character on R. Let a ∈ R. Then
G(χ,λa) =


qn−qn−1, χ = χ0,a= 0;
−qn−1, χ = χ0,a 6= 0,a ∈ p
n−1R;
0, χ = χ0,a /∈ p
n−1R;
0, χ 6= χ0,a= 0.
The following theorem completely determine the absolute values of Gauss sums over R, where the first case
was given in [7]. We give a unified proof here.
Theorem 3.2 Let χ ∈ R̂∗ non-trivial and ψ the canonical additive character on R. Then we have the follow-
ing:
(1) [7] Let a ∈ R∗. Then |G(χ,ψa)|=

 q
n
2 , χ is primitive;
0, else.
(2) Let a= pku with u ∈ R∗n−k and 1≤ k ≤ n−1. Then
|G(χ,ψa)|=

 q
n+k
2 , χ is (n− k)-trivial;
0, else.
Proof Let 0 ≤ k ≤ n− 1. It is easy to see that |G(χ,ψpku)| = |G(χ,ψpk)| for each u ∈ R
∗
n−k. It suffices to
calculate |G(χ,ψpk)|. By definition, we have
|G(χ,ψpk)|
2 = ∑
x∈R∗
χ(x)ψpk (x) ∑
y∈R∗
χ(y)ψpk (y) = ∑
x∈R∗
∑
y∈R∗
χ(xy−1)ψpk(x− y)
= ∑
z∈R∗
χ(z) ∑
y∈R∗
ψpk((z−1)y) = ∑
z∈R∗
χ(z) ∑
y∈R∗
ψpk(z−1)(y)
= ∑
z∈R∗, z∈1+pn−kR
χ(z) ∑
y∈R∗
ψpk(z−1)(y) + ∑
z∈R∗, z/∈1+pn−kR
χ(z) ∑
y∈R∗
ψpk(z−1)(y)
It is easy to see that ψpk(z−1) is trivial on R if and only if z ∈ 1+ p
n−kR. Note that if ψpk(z−1) is non-trivial on
R, then ∑
y∈R∗
ψpk(z−1)(y) =− ∑
y∈pR
ψpk(z−1)(y). It follows that
|G(χ,ψpk)|
2 = qn−1(q−1) ∑
z∈R∗, z∈1+pn−kR
χ(z)− ∑
z∈R∗, z/∈1+pn−kR
χ(z) ∑
y∈pR
ψpk(z−1)(y)
3
Denote Rn−1,s the Galois ring GR(p
n−1, p(n−1)s) and λ the canonical additive character on Rn−1,s. Recall that
τn−1(trn(x)) = trn−1(τn−1(x)) for each x ∈ R, we have
∑
y∈pR
ψpk(z−1)(y) = ∑
y∈Rn−1
e
2pii
pn
trn(p
k(z−1)py) = ∑
y∈Rn−1
e
2pii
pn−1
trn(p
k(z−1)y)
= ∑
y∈Rn−1,s
λτn−1(pk(z−1))(y).
Similarly, λτn−1(pk(z−1)) is trivial if and only if z ∈ 1+ p
n−k−1Rn−1,s. It follows that
|G(χ,ψpk)|
2 = qn−1(q−1) ∑
z∈R∗, z∈1+pn−kR
χ(z)−qn−1 ∑
z∈R∗, z/∈1+pn−kR
z∈1+pn−k−1R
χ(z)
− qn−1 ∑
z∈R∗,z∈1+pn−kR
χ(z)+qn−1 ∑
z∈R∗,z∈1+pn−kR
χ(z)
= qn ∑
z∈R∗, z∈1+pn−kR
χ(z)−qn−1 ∑
z∈R∗,z∈1+pn−k−1R
χ(z).
(3.1)
(1) It follows by setting k = 0 in (3.1).
(2) Let 1≤ k ≤ n−1.
• If χ is non-trivial on 1+ pn−kR, then so is on 1+ pn−k−1R. It follows from (3.1) that |G(χ,ψpk)|= 0.
• If χ is trivial on 1+ pn−k−1R, then so is on 1+ pn−kR. It follows from (3.1) that |G(χ,ψpk)|
2 =
qnqk−qn−1qk+1 = 0. Thus |G(χ,ψpk)|= 0.
• If χ is trivial on 1+ pn−kR and non-trivial on 1+ pn−k−1R. It follows from (3.1) that |G(χ,ψpk )|
2= qn+k.
Consequently, |G(χ,ψpk)|= q
n+k
2 . 
4 Jacobi sums over GR(pn, pns)
Let m ≥ 2. Let λ1,λ2 · · · ,λm be m multiplicative characters on R. Let a ∈ R. Define the Jacobi sum of
λ1,λ2, · · · ,λm as
Ja(λ1,λ2, · · · ,λm) = ∑
(x1,··· ,xm)∈(R
∗)m
x1+···+xm=a
λ1(x1)λ2(x2) · · ·λm(xm).
Denote J(λ1,λ2 · · · ,λm) = J1(λ1,λ2 · · · ,λm). As usual, we have
Ja(λ1,λ2 · · · ,λm) =

 λ1λ2 · · ·λm(a)J(λ1,λ2 · · · ,λm), a ∈ R
∗;
λ1λ2 · · ·λm(t)Jpk(λ1,λ2 · · · ,λm), a= p
kt (1≤ k ≤ n−1, t ∈ R∗n−k).
Consequently, it suffices to determine Ja(λ1,λ2 · · · ,λm) for a ∈ {0,1, p, · · · p
n−1}.
4.1 Trivail cases
The following lemma helps us determine Ja(λ1,λ2 · · · ,λm) for some trivial cases, the proof is inspired by the
proof of [4, Lemma 9].
4
Lemma 4.1 Let m≥ 2 and a ∈ R. The number S(n,r)∗ of solutions (c1,c2, · · · ,cm) ∈ (R
∗)m of the equation
x1+ x2+ · · ·+ xm = a
is given by
S(n,r)∗ =

 q
nm−m−n
(
(q−1)m+(−1)m(q−1)
)
, a ∈M;
qnm−m−n
(
(q−1)m+(−1)m+1
)
, a /∈M.
Proof Let χ be the canonical additive character on R. Then
S(n,r)∗ =
1
qn
∑
y∈R
∑
(x1,··· ,xm)∈(R∗)m
χ(y(x1+ · · ·+ xm−a))
=
1
qn
(
(qn−qn−1)m+ ∑
y∈R,y6=0
χ(−ay) ∑
(x1 ,··· ,xm)∈(R∗)m
χ(y(x1+ · · ·+ xm))
)
=
1
qn
(
(qn−qn−1)m+ ∑
y∈R,y6=0
χ(−ay)
m
∏
j=1
∑
x j∈R∗
χ(yx j)
)
=
1
qn
(
(qn−qn−1)m+(−1)m ∑
y∈R,y6=0
χ(−ay)
m
∏
j=1
∑
x j∈M
χ(yx j)
)
.
It follows from [6, Proposition 2.5] that ∑
x j∈M
χ(yx j) = 0 if y /∈ p
n−1R1; and ∑
x j∈M
χ(yx j) = q
n−1 if y ∈ pn−1R1.
Then we get that
S(n,r)∗ =
1
qn
(
(qn−qn−1)m+(−1)mq(n−1)m ∑
y∈pn−1R∗1
χ(−ay)
)
=


1
qn
(
(qn−qn−1)m+(−1)mq(n−1)m(−1)
)
, a /∈M
1
qn
(
(qn−qn−1)m+(−1)mq(n−1)m(q−1)
)
, a ∈M
=

 q
nm−m−n
(
(q−1)m+(−1)m+1
)
, a /∈M
qnm−m−n
(
(q−1)m+(−1)m(q−1)
)
, a ∈M. 
As a direct consequence of the previous lemma, we have
Lemma 4.2 Let m ≥ 2. Let χ1,χ2 · · · ,χm be m multiplicative characters on R. If χ1 = χ2 = · · · = χm = χ0,
then
Ja(χ1,χ2 · · · ,χm) =

 q
nm−m−n
(
(q−1)m+(−1)m(q−1)
)
, if a ∈M;
qnm−m−n
(
(q−1)m+(−1)m+1
)
, if a /∈M.
Similar to the proof of [9, Theorem 5.20], one can prove the following result by Lemma 4.1.
Lemma 4.3 Let m≥ 3. Let χ1,χ2 · · · ,χm ∈ R̂∗ such that χm is non-trivial. Then we have
J0(χ1,χ2 · · · ,χm) =

 0, if χ1χ2 · · ·χm is non-trivial;χm(−1)(qn−qn−1)J(χ1,χ2 · · · ,χm−1), if χ1χ2 · · ·χm is trivial.
Let χ ∈ R̂∗ and S⊆ R∗. If χ(s) = 1 for all s ∈ S, then we write χ(S) = 1. Otherwise, we write χ(S) 6= 1.
The proof of the following lemma is similar to the work in [8], we omit it.
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Lemma 4.4 Let χ1,χ2 ∈ R̂∗. Then we have the following.
(1)
J(χ1,χ2) =


qn−1(q−2), i f χ1 = χ2 = χ0;
0, i f χ1 = χ0, χ2(1+M) 6= 1 or χ2 = χ0, χ1(1+M) 6= 1;
−qn−1, i f χ1 = χ0, χ2 6= χ0, χ2(1+M) = 1 or χ2 = χ0, χ1 6= χ0, χ1(1+M) = 1.
(2) Let 1≤ k ≤ n−1.
Jpk(χ1,χ2) =


qn−1(q−1), i f χ1 = χ2 = χ0;
0, i f χ1 = χ0, χ2 6= χ0 or χ2 = χ0, χ1 6= χ0.
4.2 Jacobi sums of two multiplicative characters
Lemma 4.5 Let χ1,χ2 ∈ R̂∗ non-trivial such that χ1χ2 = 1. Then we have the following.
(1)
J(χ1,χ2) =


−χ2(−1)q
n−1, i f χ2(1+ pR) = 1;
0, i f χ2(1+ pR) 6= 1.
(2) Let 1≤ k ≤ n−1.
Jpk(χ1,χ2) =


0, i f χ2(1+ p
k+1R) 6= 1;
χ2(−1)(q
n−qn−1), i f χ2(1+ p
kR) = 1;
−χ2(−1)q
n−1, i f χ2 is k+1-trivial.
Proof (1) Since χ1χ2 = 1, we have
J(χ1,χ2) = ∑
x∈R∗\1+pR
χ1(x)χ2(1− x) = ∑
x∈R∗\1+pR
χ1χ2(x)χ2(x
−1−1)
= χ2(−1) ∑
x∈R∗\1+pR
χ2(1− x) = χ2(−1) ∑
y∈R∗\1+pR
χ2(y)
= χ2(−1)( ∑
x∈R∗
χ2(y)− ∑
y∈1+pR
χ2(y)) =−χ2(−1) ∑
y∈1+pR
χ2(y),
where the last equation follows from χ2 6= χ0. If χ2(1+ pR) 6= 1, then ∑
y∈1+pR
χ2(y) = 0 and therefore
J(χ1,χ2) = 0. If χ2(1+ pR) = 1, then ∑
y∈1+pR
χ2(y) = q
n−1 and therefore J(χ1,χ2) =−χ2(−1)q
n−1.
(2) Similar to the proof of (1), we get that
Jpk(χ1,χ2) = χ2(−1) ∑
x∈R∗
χ2(1+ p
kx) = χ2(−1)
(
∑
x∈R
χ2(1+ p
kx)− ∑
x∈pR
χ2(1+ p
kx)
)
= χ2(−1)q
k
(
∑
x∈Rn−k
χ2(1+ p
kx)− ∑
x∈Rn−k−1
χ2(1+ p
k+1x)
)
=


0, χ2(1+ p
k+1R) 6= 1;
χ2(−1)(q
n−qn−1), χ2(1+ p
kR) = 1;
−χ2(−1)q
n−1, χ2 is k+1-trivial.
6
This finishes the proof of the lemma. 
Lemma 4.6 Let χ1,χ2 ∈ R̂∗ such that χ2 is primitive.
(1) Suppose χ1χ2(1+ p
n−1R) 6= 1. Then Jpk(χ1,χ2) = 0 for 1≤ k ≤ n−1.
(2) Suppose χ1χ2(1+ p
n−1R) = 1. Then J(χ1,χ2) = 0.
Proof (1) By definition, we have
Jpk(χ1,χ2) = ∑
x∈R∗
χ1(x)χ2(p
k− x) = ∑
x∈R∗
χ1χ2(x)χ2(p
kx−1−1) = χ2(−1) ∑
x∈R∗
χ1χ2(x)χ2(1− p
kx)
Recall that for any x∈ R∗, there exist y∈ R∗n−1 and z∈ R1 such that x= y(1+ p
n−1z). Then 1− pkx= 1− pky.
As a result, Jpk(χ1,χ2) = χ2(−1) ∑
y∈R∗n−1
χ1χ2(y)χ2(1− p
ky) ∑
z∈R1
χ1χ2(1− p
n−1z) = 0, where the last equation
follows from χ1χ2(1+ p
n−1R) 6= 1.
(2) For abbreviation, set A= {x ∈ R∗n−1 | x 6≡ 1 (mod p)}. Similar to the proof of (1), we have
J(χ1,χ2) = ∑
x∈R∗\1+pR
χ1(x)χ2(1− x) = ∑
x∈A,y∈R1
χ1(x(1+ p
n−1y))χ2(1− x(1+ p
n−1y))
= ∑
x∈A
χ1(x)χ2(1− x) ∑
y∈R1
χ1(1+ p
n−1y)χ2(1− p
n−1(1− x)−1xy))
Note that (1+ pn−1y)−1 = 1− pn−1y. Since χ1χ2(1+ p
n−1R) = 1, we get that
∑
y∈R1
χ1(1+ p
n−1y)χ2(1− p
n−1(1− x)−1xy) = ∑
y∈R1
χ2(1− p
n−1y(1+ x(1− x)−1)).
It is easy to see that for any x ∈ A, 1+ x(1− x)−1 /∈ pR. Since χ2(1+ p
n−1R) 6= 1, we get that J(χ1,χ2) = 0.

The following lemma is inspired by [13, Lemma 2.4].
Lemma 4.7 Let λ be the canonical additive character on R. Let χ1,χ2 ∈ R̂∗ such that χ2 is primitive.
Suppose that χ1χ2 is t-trivial for some 1≤ t ≤ n−1. Let 1≤ k ≤ n−1.
(1) If n 6= t+ k, then Jpk(χ1,χ2) = 0.
(2) If n= t+ k, then Jpk(χ1,χ2) =
qkG(χ1,λ)G(χ2,λ)
G(χ1χ2,λpk)
.
Proof (1) By the proof of Lemma 4.6, we have Jpk(χ1,χ2) = χ2(−1) ∑
x∈R∗
χ1χ2(x)χ2(1− p
kx).
(i) Suppose that t+ k > n. We write
Jpk(χ1,χ2) = χ2(−1) ∑
x∈R∗n−k , y∈Rk
χ1χ2(x(1+ p
n−ky))χ2(1− p
kx(1+ pn−ky)).
Then we have
∑
x∈R∗n−k , y∈Rk
χ1χ2(x(1+ p
n−ky))χ2(1− p
kx(1+ pn−ky)) = ∑
x∈R∗n−k
χ1χ2(x)χ2(1− p
kx) ∑
y∈Rk
χ1χ2(1+ p
n−ky)
It follows from χ1χ2 is t-trivial and t > n− k that ∑
y∈Rk
χ1χ2(1+ p
n−ky) = 0. Thus Jpk(χ1,χ2) = 0.
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(ii) Suppose that t+ k < n. We write
Jpk(χ1,χ2) = χ2(−1) ∑
x∈R∗t , y∈Rn−t
χ1χ2(x(1+ p
ty))χ2(1− p
kx(1+ pty)).
Since χ1χ2 is t-trivial, we get that
Jpk(χ1,χ2) = χ2(−1) ∑
x∈R∗t
χ1χ2(x)χ2(1− p
kx) ∑
y∈Rn−t
χ2(1− p
k+tx(1− ptx)−1y).
Since χ2 is primitive, we get from k+ t < n that ∑
y∈Rn−t
χ2(1− p
k+tx(1− ptx)−1y) = 0. Consequently,
Jpk(χ1,χ2) = 0.
(2) Suppose k+ t = n. Firstly, we have G(χ1,λ)G(χ2,λ) = ∑
a∈R
λ(a)Ja(χ1,χ2). Since χ1χ2 is not prim-
itive, we get from Lemma 4.6 that Ja(χ1,χ2) = 0 for all a ∈ R
∗. Meanwhile, we get from Lemma 4.3 that
J0(χ1,χ2) = 0 because χ1χ2 6= χ0. It follows from (1) that Jpiu(χ1,χ2) = 0 for all u∈R
∗ and each 1≤ i≤ n−1
satisfying i 6= n− t. It follows that
G(χ1,λ)G(χ2,λ) = ∑
x∈R∗t
λ(pn−tx)Jpn−tx(χ1,χ2) = Jpn−t (χ1,χ2) ∑
x∈R∗t
λpn−t (x)χ1χ2(x).
Since χ1χ2 is t-trivial, we get that G(χ1χ2,λpk) = q
n−t ∑
x∈R∗t
λpn−t (x)χ1χ2(x). Meanwhile, it follows from
Theorem 3.2 that G(χ1χ2,λpk) 6= 0. Consequently, Jpk(χ1,χ2) = q
kG(χ1,λ)G(χ2,λ)
G(χ1χ2,λpk)
. 
Lemma 4.8 Let λ be the canonical additive character on R. Let χ1,χ2 ∈ R̂∗ such that χ1χ2 is primitive.
Then J(χ1,χ2) =
G(χ1,λ)G(χ2,λ)
G(χ1χ2,λ)
.
Proof Firstly, we have G(χ1,λ)G(χ2,λ) = ∑
a∈R
λ(a)Ja(χ1,χ2). It follows from Lemma 4.6 that Ja(χ1,χ2) =
0 for all a ∈M. Then we have
G(χ1,λ)G(χ2,λ) = ∑
a∈R∗
λ(a)Ja(χ1,χ2) = J(χ1,χ2) ∑
a∈R∗
λ(a)χ1χ2(a) = J(χ1χ2)G(χ1χ2,λ).
It follows from Theorem 3.2 that G(χ1χ2,λ) 6= 0. Consequently, J(χ1,χ2) =
G(χ1,λ)G(χ2,λ)
G(χ1χ2,λ)
. 
4.3 General cases
Let 1 ≤ k ≤ n− 1. Denote Rn−k,s the Galois ring GR(p
n−k, p(n−k)s) for 1 ≤ k ≤ n− 1. Let χ ∈ R̂∗ be n− k-
trivial. Then χ(a(1+ pn−kb)) = χ(a) for all a ∈ R∗n−k and b ∈ Rk. Define a map χ˜ as follows
∀ a˜ ∈ R∗n−k,s, χ˜(a˜) = χ(a), where τn−k(a) = a˜.
Then χ˜ is a multiplicative character on Rn−k,s. The following lemma can be proved directly.
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Lemma 4.9 Let m≥ 2, a ∈ R and 1≤ k ≤ n−1. Let χ1,χ2, · · · ,χm ∈ R̂∗ be n− k-trivial. Then
Ja(χ1,χ2, · · · ,χm) = q
kJ˜a(χ˜1, χ˜2, · · · , χ˜m),
where J˜a(χ˜1, χ˜2, · · · , χ˜m) is the Jacobi sum of χ˜1, χ˜2, · · · , χ˜m over Rn−k,s.
Based on Lemma 4.9, it suffices to study the case that at least one of these characters χ1,χ2, · · · ,χm ∈ R̂∗
is primitive.
Lemma 4.10 Let m≥ 3. Let χ1,χ2, · · ·χm ∈ R̂∗ such that χm is primitive.
(1) Suppose that χ1χ2 · · ·χm(1+ p
n−1R) 6= 1. Then Jpk(χ1,χ2, · · · ,χm) = 0 for 1≤ k ≤ n−1.
(2) Suppose that χ1χ2 · · ·χm(1+ p
n−1R) = 1. Then J(χ1,χ2, · · · ,χm) = 0.
Proof (1) Let 1 ≤ k ≤ n− 1. For abbreviation, we always assume that (a1,a2, · · · ,am−1) ∈ (R
∗)m−1. By
definition, we have
Jpk(χ1,χ2, · · · ,χm) = ∑
am∈R∗
(
∑
a1+···+am−1=pk−am
χ1(a1) · · ·χm−1(am−1)
)
χm(am)
= J(χ1, · · · ,χm−1) ∑
am∈R∗
χ1 · · ·χm−1(p
k−am)χm(am)
= J(χ1,χ2, · · · ,χm−1)Jpk(χ1 · · ·χm−1,χm)
Since χ1χ2 · · ·χm(1+ p
n−1R) 6= 1, we get from Lemma 4.6 that Jpk(χ1 · · ·χm−1,χm) = 0. Then (1) follows.
(2) By definition, we have
J(χ1,χ2, · · · ,χm) = ∑
am∈R∗\1+M
(
∑
a1+···+am−1=1−am
χ1(a1) · · ·χm−1(am−1)
)
χm(am)
+ ∑
am∈1+M
(
∑
a1+···+am−1=1−am
χ1(a1) · · ·χm−1(am−1)
)
χm(am)
Firstly, ∑
am∈R∗\1+M
(
∑
a1+···+am−1=1−am
χ1(a1) · · ·χn−1(an−1)
)
χm(am)= J(χ1,χ2, · · · ,χm−1)J(χ1 · · ·χm−1,χm)=
0, where that last equation follows from the assumption χ1χ2 · · ·χm(1+ p
n−1R) = 1 and Lemma 4.6. On the
other hand, writeM =
( n−1⋃
k=1
pkR∗n−k
)
∪{0}.
• If am = 1, then
(
∑
a1+···+am−1=1−am
χ1(a1) · · ·χm−1(am−1)
)
χm(am) = J0(χ1,χ2, · · · ,χm−1). By the as-
sumption, we get that χ1χ2 · · ·χm−1 is non-trivial. It follows from Lemma 4.3 that this term equals to
zero.
• By the assumption, we get that χ1χ2 · · ·χm−1(1+ p
n−1R) 6= 1. It follows from (1) that Jpk(χ1,χ2, · · · ,χm−1)=
0. Suppose that 1≤ k ≤ n−1. Then we have equations
∑
am∈1+pkR
∗
n−k
(
∑
a1+···+am−1=1−am
χ1(a1) · · ·χm−1(am−1)
)
χm(am)
= ∑
x∈R∗n−k
(
∑
a1+···+am−1=pkx
χ1(a1) · · ·χm−1(am−1)
)
χm(1+ p
kx)
= Jpk(χ1,χ2, · · · ,χm−1) ∑
x∈R∗n−k
χ1 · · ·χm−1(x)χm(1+ p
kx) = 0.
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It follows that ∑
am∈1+M
(
∑
a1+···+am−1=1−am
χ1(a1) · · ·χm−1(am−1)
)
χm(am)= 0.Consequently, J(χ1,χ2, · · · ,χm)=
0. 
Theorem 4.11 Let m ≥ 3. Let χ1,χ2, · · ·χm ∈ R̂∗ such that χm is primitive. Let λ be the canonical additive
character on R. Then we have the following.
(1) J(χ1,χ2, · · ·χm) =


G(χ1,λ) · · ·G(χm,λ)
G(χ1 · · ·χm,λ)
, i f χ1χ2 · · ·χm is primitive;
0, i f χ1χ2 · · ·χm is not primitive.
(2) Suppose that χ1χ2 · · ·χm is t-trivial for 0≤ t ≤ n. Let 1≤ k ≤ n−1. Then
Jpk(χ1,χ2, · · ·χm) =


qkG(χ1,λ) · · ·G(χm,λ)
G(χ1 · · ·χm,λpk)
, i f 1≤ k < n,k = n− t;
−χm(−1)q
n−1G(χ1,λ) · · ·G(χm−1,λ)
G(χ1 · · ·χm−1,λ)
, i f t = 0,k = n−1;
0, else.
Proof (1) The second case follows from Lemma 4.10. Suppose that χ1χ2 · · ·χm is primitive. Similar to the
proof of [9, Theorem 5.21], we have
G(χ1,λ) · · ·G(χm,λ) = J(χ1,χ2, · · · ,χm)G(χ1 · · ·χm,λ).
It follows from Theorem 3.2 that G(χ1 · · ·χm,λ) 6= 0. Then the result follows.
(2) Let 1≤ k ≤ n−1. By the proof of Lemma 4.10 (1), we have
Jpk(χ1,χ2, · · · ,χm) = J(χ1,χ2, · · · ,χm−1)Jpk(χ1 · · ·χm−1,χm).
It follows from Lemma 4.7 and (1) that the first case holds. The second case follows from Lemma 4.5 (2).
The rest follows from Lemmas 4.5 (2) and 4.6 (1). 
As a direct consequence of Theorems 3.2 and 4.11, we get the following corollary.
Corollary 4.12 Let m≥ 3. Let χ1,χ2, · · ·χm ∈ R̂∗ such that χm is primitive. Then we have the following.
(1) |J(χ1,χ2, · · ·χm)|=


q
(m−1)n
2 , i f each o f χ1, χ2, · · · , χm, χ1χ2 · · ·χm is primitive;
0, else.
(2) Suppose that χ1χ2 · · ·χm is t-trivial for 0≤ t ≤ n. Let 1≤ k ≤ n−1. Then
|Jpk(χ1, · · ·χm)|=


q
(m−1)n+k
2 , i f 1≤ k < n,k = n− t, and each o f χ1, χ2, · · · , χm is primitive;
q
nm
2
−1, i f t = 0,k = n−1, and each o f χ1, · · · , χm−1, χ1 · · ·χm−1 is primitive;
0, else.
Remark 4.1 By Lemma 4.9, Corollary 4.12 and the results in Section 4.2, with the help of the absolute
values of Jacobi sums over finite fields (see [9, § 5.3]), we can completely determined the absolute values of
Jacobi sums over any Galois ring.
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5 Conclusion
In this paper, we study the Jacobi sums over Galois rings of arbitrary characteristics and determine their
absolute values, which extends the work given in [8]. We hope that these results will have similar applications
as the Jacobi sums over finite fields have.
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